Introduction {#Sec1}
============

Continued improvements in the performance of satisfiability (SAT) solvers \[[@CR14]\] are enabling a growing number of applications in areas such as electronic design automation \[[@CR35]\]. At the same time, many of the underlying problems are hard for complexity classes beyond NP and as such cannot be expected to have succinct propositional encodings. Super-polynomial growth in encoding size imposes a limit on the problem instances that can be feasibly solved even with extremely efficient SAT solvers. Decision procedures for more succinct languages such as Quantified Boolean Formulas (QBFs) represent a potential solution to this scaling issue. QBFs extend propositional formulas with quantification over truth values and support more succinct encodings for a range of problems \[[@CR32]\]. Recent years have seen significant advancements in QBF solver technology \[[@CR20], [@CR21], [@CR25], [@CR26], [@CR29], [@CR30], [@CR34], [@CR36]\], up to a point where reduction to QBF can be more efficient than reduction to SAT \[[@CR13]\].

In some applications, QBF solvers are required to not only decide whether a given formula is true or false but also compute a solution in the form of a *strategy*. For example, if a synthesis problem is encoded as a QBF, a solver is expected to either return the synthesized program or an explanation why the specification cannot be satisfied \[[@CR13]\]. Determining whether the proof trace of a QBF solver can be efficiently transformed into a strategy---whether the proof system supports polynomial-time *strategy extraction*---is a fundamental research task \[[@CR2], [@CR3], [@CR6], [@CR10], [@CR27]\].

One of the most successful QBF solving paradigms relies on partial Shannon expansion \[[@CR1], [@CR8]\] of universal variables within a counterexample-guided abstraction refinement (CEGAR) loop, as implemented in [RAReQS]{.smallcaps} \[[@CR21]\], and, more recently, in [Ijtihad]{.smallcaps} \[[@CR9]\] and [QFun]{.smallcaps} \[[@CR20]\]. The underlying proof system $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ \[[@CR22]\] offers exponentially shorter proofs for certain classes of formulas than Q-resolution \[[@CR6]\], and can polynomially simulate Q-resolution on formulas with few quantifier alternations \[[@CR4]\], which includes many practically relevant cases.[1](#Fn1){ref-type="fn"} Polynomial-time strategy extraction follows from the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ proofs can be used to guide the universal player in an evaluation game \[[@CR6], [@CR11]\], but turning this argument into circuits that compute a winning strategy is rather inefficient. An explicit construction based on this idea for Q-resolution requires the introduction of several gates for each literal in the proof and quantifier level of the input formula \[[@CR27]\], leading to unwieldy circuits that are substantially larger than the original proof. In this work, we present a strategy extraction algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ that is multi-linear in the number of proof steps and universal variables. This is asymptotically optimal for a construction that follows the structure of the proof and maintains a circuit for each universal variable.

Our algorithm is inspired by \[[@CR33]\], which for the first time has given a local soundness argument for $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$-proof and provides a semantic abstraction that relates the constructed strategies to the clauses in the proof. In contrast, we associate a full strategy to each node in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$-proof and develop a syntactic argument that ensures the soundness of the construction. For each clause in the proof, we define a propositional invariant that corresponds to a syntactic weakening of the input formula's negated matrix. We then show that strategies satisfying the invariants for the premises of a resolution step can be combined into a strategy that satisfies the invariant for the resolvent. The main technical challenge we had to overcome in deriving this syntactic weakening is that $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ proofs work over an extended propositional alphabet where multiple versions of the same variable with different annotations may exist simultaneously. Our invariant translates the propositions from the extended alphabet back to formulas over the original vocabulary.

We believe that our syntactic soundness argument is more transparent than the semantic construction from \[[@CR33]\]. The clarity of the argument is also what allows us to obtain a concise circuit representation of the resulting strategy. Further, our syntactic argument establishes a Curry-Howard correspondence between proof construction and strategy extraction. For each inference rule combining proof terms, the correspondence provides a rule combining program terms. The result is a program isomorphic to the proof. The widest-known correspondence is between natural deduction proofs and lamba-calculus programs \[[@CR18]\]. In this paper we establish a precise correspondence between $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$-proofs and strategies---the strategy constructed for a node in the proof DAG satisfies the invariant for the clause derived at that node. In contrast, the correspondence stays implicit in the semantic argument from \[[@CR33]\]. We expect that our ideas of obtaining such an invariant by weakening the matrix and translating the clauses over the extended alphabet back to a formula over the original variables will have applications in studying further Curry-Howard correspondences for other resolution-based QBF proof systems.

Preliminaries {#Sec2}
=============

*Quantified Boolean Formulas (QBFs).* We consider quantified Boolean formulas (QBFs) with standard propositional connectives $\documentclass[12pt]{minimal}
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Strategies {#Sec3}
==========

A PCNF formula can be interpreted as the specification of a game between an existential and a universal player \[[@CR31]\]. The game proceeds by the players assigning values to their respective variables in turn, following the order of the quantifier prefix. The goal of the universal player is to falsify the matrix, the goal of the existential player is to satisfy the matrix. Strategies for either player can be conveniently represented as binary trees.

Definition 1 {#FPar1}
------------
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Example 1 {#FPar3}
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Local Soundness {#Sec4}
===============

We present a local soundness argument for $\documentclass[12pt]{minimal}
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The base cases are when a universal edge differs, or we reach the pivot.

### Definition 3 {#FPar4}
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### Example 2 {#FPar6}
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Implementing Strategies Using Circuits {#Sec6}
======================================

The strategies we have introduced in the previous section have size exponential in the number of existential variables in the quantifier prefix. Thus, it is impractical to consider strategy extraction using such a data structure. Instead, we will now demonstrate how we can implement the $\documentclass[12pt]{minimal}
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Circuit Construction {#Sec7}
--------------------
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Correctness and Running Time {#Sec8}
----------------------------

### Lemma 1 {#FPar15}

Let *P* and *Q* be strategies and let *L* and *R* be families of circuits representing *P* and *Q*, respectively. Then the family *B* of circuits as specified in Definition [7](#FPar13){ref-type="sec"} represents .

### Proof (Sketch) {#FPar16}
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### Lemma 2 {#FPar17}
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### Proof {#FPar18}
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In combination with Theorem [1](#FPar7){ref-type="sec"}, the preceding lemmas imply the following.

### Theorem 2 {#FPar19}
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*Similarity to Craig Interpolation.* When the circuit has a single output, note that the $\documentclass[12pt]{minimal}
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Circuit Extraction for [QParity]{.smallcaps} {#Sec9}
============================================
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Example 4 {#FPar20}
---------
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Related Work {#Sec10}
============

Suda and Gleiss present a local soundness argument for several resolution-based QBF calculi, including a generalization of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ \[[@CR33]\]. They interpret clauses derived in these systems as abstractions of partial strategies (a partial strategy does not need to be defined for all moves of the existential player), and show that resolution can be understood in terms of combining partial strategies. Soundness of a proof system is obtained by showing that partial strategies with the premises of a resolution step as their abstractions result in a partial strategy that abstracts to the resolvent. The statement that the partial strategy constructed at a particular node of a proof DAG abstracts to the clause derived at that node is proved only indirectly, through observing that there are simple partial strategies abstracting to initial clauses.

By contrast, we define a syntactic weakening of the matrix for each node in the proof DAG and show that the strategy extracted at that node satisfies the weakened matrix. Moreover, we manipulate complete strategies, which are defined for all moves of the existential player. We believe that our use of complete strategies and an explicit syntactic construction offer a considerably simpler and clearer local soundness argument for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$.

A correspondence between Q-resolution proofs and strategies was first observed by Goultiaeva et al. \[[@CR15]\] and later extended to long-distance Q-resolution by Egly et al. \[[@CR12]\]. Balabanov and Jiang \[[@CR2]\] present a linear-time strategy extraction algorithm for Q-resolution that was generalized to long-distance Q-resolution by Balabanov et al. \[[@CR3]\]. Beyersdorff et al. \[[@CR5]\] prove a correspondence between strategies and proofs in IRM-calc, a system that generalizes $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$. The notion that efficient extraction of winning moves from proofs leads to polynomial-time strategy extraction is folklore. Peitl et al. \[[@CR27]\] give an explicit construction for Q-resolution with a dependency scheme. Chew and Clymo \[[@CR11]\] provide a general argument for QBF proof systems that combine a propositional proof system with universal expansion. Surprisingly, they also identify *feasible interpolation* of the underlying propositional proof system (i.e, the property that interpolants can be computed from refutation proofs in polynomial time \[[@CR24]\]) as a *necessary* condition for such systems to have polynomial-time strategy extraction. They further show that the QRAT proof system does not have polynomial-time strategy extraction unless P=PSPACE. By contrast, Heule et al. \[[@CR16]\] proved that the (almost) dual proof system for true formulas does have polynomial-time strategy extraction.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{q}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{r}$$\end{document}$ can be quantified arbitrarily) and yields an interpolant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I(\varvec{p})$$\end{document}$. They show that for instances of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists \varvec{p}.\forall u. Q\varvec{q}.Q\varvec{r}. (A(\varvec{p},\varvec{q})\vee u)\wedge (B(\varvec{p},\varvec{r})\vee \lnot u)$$\end{document}$ the resulting interpolant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I(\varvec{p})$$\end{document}$ represents a strategy for instantiating *u*. While this approach extends Jiang et al. \[[@CR23]\] to arbitarily quantified partitions, it is still limited to a single output *u*.

Conclusion {#Sec11}
==========

We presented a polynomial-time strategy extraction algorithm for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \hbox {-}\mathsf{Exp}\hbox {+}\mathsf{Res}$$\end{document}$ with a running time that is multi-linear in the number of universal variables and resolution steps in the proof. It is based on a local soundness argument showing that each intermediate strategy constructed for a derived clause satisfies a propositional invariant obtained from that clause. This invariant translates annotated literals back to the vocabulary of the original formula and gives them a clear semantics based on the evaluation game: if the existential player responds to the universal play in the annotation by setting the literal to false, the current strategy is winning for the universal player. We believe that this idea can be extended to more general proof systems such as IRM-calc \[[@CR5]\]. Moreover, our interpretation of annotated clauses in terms of the original variables may open up new ways of integrating search-based (QCDCL) solvers with expansion.

Conversely, there are classes of formulas with exponentially shorter Q-resolution proofs \[[@CR22]\], so that the systems are mutually separated.

If the strategy *P* is identified with the disjunction of assignments induced by its root-to-leaf paths, the relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P \models \psi $$\end{document}$ coincides with propositional entailment.
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